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, [GK], Voiculescu [Voil],
[VOi2], [VOi3] . ,
$H$ , $\mathrm{B}(H),$ $\mathrm{K}(H),$ $\mathrm{F}(H)$
, , .
1. $T\in \mathrm{F}(H)$ $(sj)j\in \mathrm{N}$ . ,
$||$T$||_{p}=\{$ $\sup_{j\in \mathrm{N}}s_{j}$ if $p=\infty$
$( \sum_{j\in \mathrm{N}}s_{j}^{\mathrm{p}})1$
lp if $1\leq p<$ op
. $\mathrm{K}(H)$ , Cp(H)(
) .
, $\pi=(\pi j)j\in \mathrm{N}$






, $(C_{p}^{-}(H), | ||||_{\mathrm{p}}^{-})$ . $p=\infty$ , $C_{\infty}^{-}(H)$




$\mathrm{F}(H)\neq\subset C_{p}(H)\neq\subset C_{q}^{-}(H)\neq\subset C_{q}(H)\neq\subset C_{\infty}^{-}(H)\subset \mathrm{K}\neq$(H) $(1\leq p<q<\infty)$
3. $\tau=(T_{1}, \ldots, T_{N})\in \mathrm{B}(H)^{N}$ ,
$k_{\pi}( \tau)=\lim_{A\in \mathrm{F}(H}\inf_{)_{1}^{+}}\max_{1\leq*\leq N}.||T_{i}$
A-A$T_{i}||_{\pi}$
. ; $||\cdot||_{p}^{-}$ $k_{p}^{-}(\tau)$ . $k_{p}(\tau)$
$||(||_{p}$ . ,
$\mathrm{F}(H)+_{=}1$ { $A\in \mathrm{F}$(H) $|0\leq A\leq I$}
.
4. $k_{\pi}(\tau)=0$ (quasicentral $\mathrm{a}$pproximate
unit) . ,




$\Gamma$ , $S$ , $|\rangle$ $|_{s}$
, $n$ $\beta_{n}($ \Gamma , $S)$ .
$\beta_{n}$ (r, $S$) $=\{g\in\Gamma||g|_{S}\leq n\}$ .
5. $\beta_{\mathrm{n}}(\Gamma, S)$ $\Gamma$ 3
.
(1) $(\mathrm{e}\mathrm{x}\mathrm{p}\mathrm{o}\mathrm{n}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{a}1)\Leftrightarrow\beta_{\mathrm{n}}(\Gamma, S)>Cv^{n}$ $(C>0, v >1)$ ,
(2) $(\mathrm{p}\mathrm{o}1\mathrm{y}\mathrm{n}\mathrm{o}\mathrm{m}\mathrm{i}\mathrm{a}1)\Leftrightarrow\beta_{n}($\Gamma , $S)\leq Cv^{d}$ $(C>0, d \geq 1)$ ,
(3) (intermmliate)\Leftarrow \rightarrow .
6. $S$ .
7. . (Grigorchuk )
78
8. (growth entropy) .
$\mathrm{g}\mathrm{r}(\Gamma, S)=\lim_{narrow\infty}\frac{\log\beta_{n}(\Gamma,S)}{n}$.
9. $\mathrm{g}\mathrm{r}(\Gamma, S)=0$ , $\Gamma$ .
10. $\Gamma$ ,
$\exists d\in \mathrm{N},$ $C_{1}n^{d}\leq\beta_{n}$(I, $S$) $\leq C_{2}$n$d$ $(C_{1}, C_{2}>0)$
. $d$ (degree) .
3 Voiculescu
$\Gamma$ $\lambda$ , $S$
, $\lambda_{S}=(\lambda_{\epsilon})_{sES}$ . ,
Voiculescu $k_{\infty}^{-}(\lambda s)$ .
1L([Oka1])






(2) $k_{\mathrm{p}S}^{-(\lambda)}\neq 0$ $p$ .
( $k_{\infty}^{-}(\lambda s)=0$
. ,












(1) $X$ $\delta$- , $X$ “ ”
$\Phi$ , $\Phi$ $X$
$\pi$ .
(2) $X$ $\Gamma$ ,
$\Phi_{0}\subset\Phi$ , (1) $\pi_{0}$ $\Phi_{0}$ $\Gamma$
uniformly finite to one .
(3) $\Phi_{0}$ $\alpha$ ,
$(\Phi_{0}, \alpha)$ shift of finite type $\Sigma(\infty)$ .
, \Sigma ( ) ,
$\Gamma$ “ ” .
$h_{\mathrm{t}\mathrm{o}\mathrm{p}}(\Sigma(\infty))$ $k_{\infty}^{-}(\lambda s)$
.
13. ([Oka2]) $\Gamma$ ,
p
$(\Sigma(\infty))\leq k_{\infty}^{-}(\lambda_{S})\leq \mathrm{g}\mathrm{r}(\Gamma, S)$
.
$k_{\infty}^{-}(\lambda s)=\mathrm{g}\mathrm{r}(\Gamma, S)$ .
$h_{\mathrm{t}\mathrm{o}\mathrm{p}}(\Sigma(\infty))=\mathrm{g}\mathrm{r}(\Gamma, S)$ .
Stallings .
14. ([Sta]) $\Gamma$ end ,
:
(1) $\Gamma=G1*G_{0}G2$ ( ), $H\subset G_{1},$ $G$2 ,
(2) $\Gamma=G*G_{0}\theta$ ( $\mathrm{H}\mathrm{N}\mathrm{N}$- ), $G_{0},$ $\theta(G_{0})\subset G$ .
, HNN- - $G\supset G_{0}$ $\theta$ : $G_{0}arrow G$
,
$G*G_{0}\theta:=\langle$G, $x|hx=x\theta(h),$ $h\in H\rangle$
.
15. $\Gamma$ , $\mathrm{c}\mathrm{a}\mathrm{r}\mathrm{d}\partial\Gamma<\infty$ , (elementary)
.
78
16. $\Gamma$ , $\Gamma$ ,
$k_{\infty}^{-}(\lambda s)=\mathrm{g}\mathrm{r}(\Gamma, S)=0$ .
$\Gamma$ , , $\Gamma$ end
, , Stallings , $\Gamma$
HNN- .
17. ([Oka2]) $\Gamma$ , 14
.
, (1) $\Gamma=G_{1}*c_{0}G$2 $S$ $G_{1},$ $G_{2}$ $G_{0}$
$S_{1},$ $S_{2}$ , (2) $\Gamma=G*G_{0}\theta$
$S=S_{0}\cup\{x, x- 1\}$ $S_{0}$ $G$ $G_{0},$ $\theta(G_{0})\subset S_{0}$
,




18. Stallings $G_{0}$ ,
$S$ ,




, $k_{\infty}^{-}(\Gamma)\leq \mathrm{g}\mathrm{r}(\Gamma)$ ,





(1) $\Rightarrow k_{\infty}^{-}(\lambda s)\neq 0$ ?





. $\mathrm{K}(H)$ $C^{*}$- $\mathrm{B}(H)$
$\mathrm{O}$ . .
( 1) Voiculescu [VOi4] $h(\Gamma,\mu)$
, $k_{\infty}^{-}(\lambda s)\neq 0$ ,
, $k_{\infty}^{-}(\lambda s)\neq 0$ . , Rosenblatt ,
([Ros]), , $\mu$
$h($ \Gamma , $\mu)=0$ ([Kai]). $\text{ }$
2 , Voiculescu





( 2) . $\Gamma$
, $\mathrm{g}\mathrm{r}(\Gamma, S)=0$ .
( 3) Voiculescu $h(\Gamma,\mu)\neq 0$ $k_{\infty}^{-}(\lambda_{S})\neq 0$ ([VOi4])
$\Gamma$ , $p<\infty$ ,
$k_{p}^{-}(\lambda_{S})\neq 0$ .
( 4) $k_{d}(\lambda_{S})<\infty$ . Voiculescu
$k_{d}$ 0 $\infty$
([Voil]) .
( 5) 2 . $\Gamma$ $\mathbb{Z}^{n}([\mathrm{V}\mathrm{o}\mathrm{i}1])$
([Ber]) .















Grigorchuk [Har] . Grigorchuk








, $\lceil \mathrm{G}\mathrm{r}\mathrm{i}\mathrm{g}\mathrm{o}\mathrm{r}\mathrm{c}\mathrm{h}\mathrm{u}\mathrm{k}$ $\Gamma$ , $k_{p}^{\log}(\lambda_{S})\neq 0$
$p$ . .
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